An analytical model has been developed to describe the . . . horizontal well with multiple hydraulic fractures. The model has been used to compare the relative productivities of multiple fractures, the objective being to determine the conditions under which multiple fractures provide significant improvement over a single fracture.
Introduction
Hydraulic fracturing has been shown to be an effective way of significantly enhancing the performance of horizontal wells (1) . It is especially beneficial in low permeability formations, and where low vertical permeability reduces the effectiveness of horizontal wells. Two types of hydraulic fractures are possible with hor-.>1- (2) . :P AL.--..;" -$ +L. n . ,all ;0 "nv lzon~a~wel~'-J j 11 bIIC @O U1 bLIC +=.' 10 .-~i%! b tk minimum horizontal stress direction then a single large fracture is formed along the axis of the well. Fractures transverse to the wellbore axis will be created when the well is parallel to the minimum horizontal stress. More complicated fracture geometries will result if the wellbore axis is not normal to either principal horizontal stress directions.
This paper describes an investigation into the pre ductivity enhancement achieved by creating multiple transverse hydraulic fractures on a horizontal well. The primary objective of the study was to determine whether multiple fractures provide worthwhile improvement over a few or a single fracture. An essential feature of multiple fractures is that the fractures will ultimately interfere with each other, and this will result in reduced effectiveness at later times. Thus, more hydraulic fractures will not necessarily lead to proportionately greater productivity. This study addresses the factors that control the effectiveness of multiple fractures, and seeks to provide the analytical tools for pre- dieting the performance of multi-fractured horizontal wells. Guo and Evans (3J have developed methods for the performance prediction of horizontal well with multiple fractures. Their work does not account for the effects of interference between fractures, and is thus valid for the cases where interference between fractures is absent, such as during early time flow in tight gas form.ation~with few widely-spaced fractures.
A secondary objective of the study was to understand the pressure transient behavior of multi-fractured horizontal wells for the purpose of designing and interpreting well tests. Guo 
Mathematical Development
The horizontal well and the series of vertical fractures that intersect it are depicted in Figure 1 . The hori-,ra..+-l ..,o11l;~o =Ifimrr +hn ,, =v; c amA the fradllrm~~f iuuucu WCL1 11-C-cb1wA15 UIsv y -.-, -.1.. .11" .--" "-. "" parallel to the plane of the z axis. The fractures are considered to fully penetrate the formation, and are treated as uniform flux plane sources. Although the assumption of uniform flux is an approximation, it is useful for the purpose of comparing the productivities of multiple fractures, and is much easier to formulate and compute.
The analysis treats only the flow into the fractures themselves; the horizontal well is not considered to contribute to the production. This is a reasonable assumption since multiple fractures are typically created in very low permeabilityy formations, and the wells are very often cased unperforated.
The relative productivity of the completion can be evaluated by investigating the values of the dimensionless pressure drop, pD, which by definition is a ratio of the pressure drop to a given flow rate:
Dimensionless pressure functions for two different outer boundary conditions were derived, The first was for a reservoir of infinite extent, and the second was for a horizontal we!! located in a boxed-shaped reservoir of ---. .. . .. .-. dimensions, x~, ye. The infinite reservoir case is actually a special case of the closed-boundary case, but is derived and presented separately because it is simpler to compute, and easier for illustrating the basic concepts.
Infinite-Acting System
The source function for the multiple fractures can be generated using Newman's Product Theorem by intersecting a slab source aligned with the y axis with a series of plane sources perpendicular to the y axis. The source function for the slab source is (5) :
while the source function for each of the multiple plane sources, centered at y = YWwill be:
The total source function for a single fracture would be S. x SV, while for n fractures it would be: n S(X, y,t) = s.~sdY!Yw! t);
where qi is the flow rate from the individual fracture i, and q is the total flow from all of the fractures. The pressure drop due to the multiple fractures would then be given by:
Writing these expressions in dimensionless terms, the total dimensionless pressure drop, pD~at fracture i in terms of the pressure drops, pDij at fracture i due to production at fracture j would be:
[15)
Since all the fractures are connected through the horizontal wellbore (assumed to be of infinite conductivity), the pressure drops, pDi must all be the same (equal to pLI). In addition, the sum of the individual flow rates must add up to the total flow rate, i.e. qD = 1. Hence we can write a matrix equation (for an example with three fractures):
This matrix expression can be expanded to however many fractures are present in the system, and can be modified to incorporate the effects of boundaries.
Closed Boundary System
The effects of a confining impermeable boundary of size x~by ye can be imposed by replacing the source functions S= and Sg by the corresponding solutions within parallel boundaries (source functions number X and VII respectively in Gringarten and Ramey(5J). Thus, the dimensionless pressure drop for each fracture can be evaluated from:-/ t*
PD =~qDj
SzDSYDdT o where the source functions S.D and SYD the appendix.
Relative Productivity (17) are defined in
The dimensionless pressure drop is a function principally of the following parameters: (1) the dimensionless time, tD, (2) the length of the horizontal well relative to the fracture length, L/xf, (3) the number of fractures,n and (4) for a closed system, the dimensions of the system, Z,D and yeD.
By comparing values of pD at the same VdU6! of tD fOr different numbers of fractures, the relative productivities can be determined. Due to the definition of pD as a pressure drop for a given flow rate, it is sometimes necessary to compare the reciprocal of pD rather than pl) itself. It is seen that the improvement in performance over a single fracture is limited once the fractures begin to interfere with each other. lJltimately the performance of multiple fractures deteriorate to the point where it approximately equals that of a single fracture.
In Fig. 3 we have plotted the relative productivities (with respect to a single fracture) of multiple fractures versus time for L/xf = 10 and xeD and y,~= 50. The relative productivities, shown on the y-axis, is defined as the ratio of the reciprocal~D for n fractures to the reciprocal~D fOr a single fracture, i.e. pDl /pD~. We ,.. , number of fractures will depend on the time period of economic significance. Because the dimensionless time is proportional to the permeability, and inversely proportional to compressibility, multiple fractures would be expected to be most effective in tight gas reservoirs.
The effect of interference can also be illustrated in Table  1 which shows the flow rates in each of three fractures, and the pressure drop at the well, for an infinite-acting system. The fractures initially each produce one-third of the total flow, but begin to interfere with each other at a dimensionless time of around u.i. AS time goes on the outside fractures tend to produce a greater flow rate at the expense of the inner one. Table 2 shows the pressure drop, the relative productivities, and the relative cumulative productivities for different numbers of fractures, for L = Xj and L = 10irf at a dimensionless time of 1000. The relative productivities and the relative cumulative productivities .", .,, . . . *l ---,. -r . ";" 1,3 fr=ct,, re
Mathematically, the relative cumulative productivity is defined by the quantity s p~DdtD / f pnDdtD. Table 2 shows that if the fracture length is similar to the horizontal well length, then the increased productivity for more than orie 1!~~.ULC,= ,, U,,..,,-.. r-,. ,.+.,-a :. rn; nim.1 For~h~rt fracture leng$hs (or long wells) the increase in productivity is more significant. This is because the onset of interference is delayed as the length of the well increases relative to the length of the fractures.
Example Application
This example demonstrates an application of the results of this study to a horizontal gas well. We wish to predict the performance of the well for a maximum of 4 fractures to help decide on an optimal number. Reservoir and well information is given below: The comparison is performed on the dynamic productivity index, PI, defined as: Figure 4 is a plot of PI versus time for n = 1,2,3,4 f~Mtures, We see that going from 1 to 2 fractures results in a significant increase in PI over a significant time period. There is an advantage, albeit reduced, in going to 3 fractures, and very small benefit in going to 4 fractures. After about 10 years we notice that there is practically no difference in performance between 3 and 4 fractures. Although the ultimate decision would be based on the economics (cost of fractures, gas price, etc. ) it appears that over a 20 year period, 3 fractures m,ig!lt be Optir-na!
Pressure Transient Analysis
In this section we discuss the pressure transient behavior of a multi-fractured horizontal well and the implications for test design and interpretation. The two parameters of primary interest are the formation permeability, k, and the fracture half-length, Zf. We begin the discussion by describing the flow regimes that are Figure 6 is a log-log plot of dimensionless pressure and pressure derivative versus dimensionless time for a well with two fractures, L/zf = 10, and no wellbore storage. The plot shows a first linear flow indicated by a half slope on both the pressure and derivative curves. This is followed by the first radial period where the derivative stabilizes at a value of 1/4. Interference between the fractures begins at a dimensionless time of about 10, and the derivative eventually stabilizes at ã ,ahdeof I/Z during the second radial flow, without going through an observable second linear period. Specialized analysis procedures may be used for the individual flow periods to infer reservoir permeability and frac~~dreieng~~~Q de~~.ribed in the following subsections. All equations are presented in field units.
First Linear Period
As discussed previously, this period can be identified on the iog-iog piot where 'both the p~~ii~iii~and derivative curves both have 1/2 slope at early time.
During the linear flow period, a plot of bottomhole pressure versus the square root of time will yield a straight line of slope r-nfl. This may be used to estimate k~~by means of the following equation:
This period is recognized by the first stabilization on the derivative plot after the first linear flow period.
A plot of pressure versus log of time of data from this period will give a straight line of slope, mrl, from which the reservoir permeability can be computed as: where L is the distance between the two extreme fractures.
Second Radial Period
With data from this period we plot pressure versus log of time to get a straight line of slope, mrz. Reservoir permeability is obtained from the equation:
162.6qpB m= m,,~( 22)
We notice from Equations 19 to 22 that to obtain rj, k=, and kv we need data from the first and second linear periods, and one of the two radial periods, If we assume that the formation is isotropic (i.e. k. =kv = k), then we would require data from the first linear and at least one of the other periods to compute both k and~j.
Wellbore Storage We notice that even in the case of the unrealistically low CD=j of 0.1 (Figure 8 ), the first linear period is barely noticeable. For higher values of wellbore storage, such as in Figures 9 and 10 , the first linear period is completely absent. This means that it would not be possible to obtain values of Zj by means of the specialized methods discussed previously, although nonlinear parameter estimation techniques may still be able to obtain an estimate. T.. .11 +1. a +h aa e. a. ah W" iII 17iu11rec A Q and~~, only 111 all~llc .Ilrcc~~vo~llo.. .. ..l . .5-----, -, -.. the late radial period is evident. For low permeability reservoirs it may require an unrealistically long time for the late radial to occur.
For test interpretation type-curve matching or nonlinear regression may offer the most practical way of obtaining the desired parameters.
Test Design
The preceding discussion suggests that eliminating or reducing the influence of wellbore storage to a minimum is essential to obtaining interpretable pressure transient data. Unfortunately the horizontal section of the wellbore, and the fractures themselves contribute such a significant fraction of the storage that standard pro cedures such as downhole shut-in during buildup can provide only minimal relief.
All of this means that a conventional testing of a multifractured horizontal well may only provide limited information, and that special testing methods may be required to obtain interpretable data. The following are some suggest ions:
1.) For buildup tests, it is essential to have down-hole shut-in.
2.)
Obtain an independent estimate of permeability from a pre-frac test or preferably from an offset vertical well. This would reduce the need to have data beyond the first flow regime.
3.)
Test the first fracture before adding additional fractures, and assume that fracture properties will be the same. 4 .) It is necessary to plan for long tests in all cases.
5.) Ideally one should obtain downhole rate and pressure measurements across all the fractures.
Conclusions
An analytical model has been developed to describe the performance and pressure behavior of horizontal wells with multiple hydraulic fractures. The model assumes fuily penetrating, uniform flux fractures. The productivity enhancement achieved by creating more than one fracture was investigated in the study. The model was also used to provide methods and ideas for designing and interpreting well tests,
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The study has shown that multiple fractures along a R. N. Home and K. O. Temeng the effectiveness of creating horizontal well depends on the relative lengths of the well and the fractures, as weii as the time at which the comparison is economically significant. We observed that if the fracture length is similar to the length of the horizontal well, then the increase in productivity for more than one fracture is small. For short fracture lengths (or long wells) the increase in productivity is more significant. For small values of dimensionless time, there is some advantage in using multiple fractures, even for fractures that are similar in length to the horizontal weli. Eiecause of the influence of interference, the time for which the productivity enhancement is maintained is increased for longer horizontal wells.
Four basic. flow regimes have been identified, and equations have been provided for specialized analysis of pressure transient data from each flow period. Because of the nature of the well-fracture configuration, and the influence of wellbore storage many of the flow regimes may not be observable in actual tests. Special testing procedures, and type-curve matching or nonlinear regression will be needed in most cases to obtain reliable results from well tests. 
Nomenclature

